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Abstract

In this paper, we present SmartSnake, a flexible software environment based on Dionysos.jl for the
intelligent synthesis of abstract-based control of complex dynamical systems. The platform offers tools
that allow researchers and practitioners to design custom abstraction algorithms, which support partial
state-space coverage and state-dependent controllers. The modular architecture of SmartSnake allows for
an easy integration of machine learning and artificial intelligence to help develop future meta-solvers that
will adapt intelligently to the structure of problems and overcome the curse of dimensionality as well.
The solvers that can be utilized in SmartSnake are evaluated with respect to how practical they are and
their computational efficiency for control synthesis scenarios. We will also present ongoing work on
improving the platform with data-driven methods and heuristic symbolic models. SmartSnake provides a
flexible framework for both reinforcement learning approaches and classical optimization of controllers.
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1. Introduction

1.1 The Challenge of Modern Control Systems

Today’s technological landscape features increasingly sophisticated control systems across smart grids,
autonomous vehicles, robotic systems, and the Internet of Things [1, 2]. These cyber-physical systems, as
they have come to be known in both academic and industrial circles, require advanced coordination between
computational algorithms and physical processes [3]. While classical control methodologies remain
widely employed in industry, they increasingly fall short of meeting the stringent requirements imposed
by modern applications. The safety-critical nature of many of these systems means that suboptimal
performance can have serious consequences, with numerous important technologies operating well below
their theoretical potential.

1.2 Formal Methods and Abstraction-Based Control

Formal verification frameworks offer rigorous approaches to ensuring system correctness [4]. Barrier
certificate methods mathematically prove that system trajectories cannot enter unsafe regions [5, 6], while
reachability analysis identifies all possible states a system might occupy [7]. Tools like JuliaReach enable
computation of over-approximated reachable sets [8]. However, these verification-focused approaches
face limitations when applied to certain dynamical system classes.
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Abstraction-based control, also known as symbolic control, presents an alternative methodology for
correct-by-design synthesis [9]. This approach constructs finite-state abstractions—symbolic models—that
approximate the behavior of original continuous or hybrid systems. Mathematical relationships, such as
alternating simulation relations or feedback refinement relations, formally connect these abstractions to
their concrete counterparts [10, 11]. Several open-source toolboxes have implemented abstraction-based
controllers, including SCOTS [12], CoSyMA [13], and PESSOA [14, 15], yet the curse of dimensionality
severely restricts their applicability, with few tools capable of handling problems beyond three dimensions.
This scalability barrier has prevented widespread adoption, particularly in robotics applications.

1.3 Dionysos.jl: A New Direction

Dionysos.jl emerges as a Julia package addressing optimal control problems through integrated
state-of-the-art techniques spanning control theory, optimization, and machine learning [16]. Built upon
established packages like JuMP.jl and MathOptInterface.jl [17, 18], it offers comprehensive problem
definitions and multiple abstraction-based solution methods. The package originates from the European
Research Council’s Learning to Control (L2C) project, which aims to develop control techniques offering
safety guarantees while accommodating non-standard constraints and information sources—whether
derived from physical first principles, regulatory requirements, or human recommendations [19–24].

1.4 Innovations in Abstraction Techniques

Recent research has proposed various strategies to reduce the computational burden of abstraction-based
approaches, including the concept of lazy abstractions and memoryless concretization relations [24, 25].
Dionysos.jl provides a general-purpose environment for implementing these innovative approaches,
featuring:

• Abstractions as covers rather than strict partitions of the state space,

• Flexible discretization templates including hyperrectangles and ellipsoids,

• Controller templates ranging from piecewise constant to piecewise affine,

• Novel abstraction relations such as alternating simulation, feedback refinement, and memoryless
concretization relations.

Our methods and software have been validated on academic benchmarks, as documented in the
package’s examples. The remainder of this paper is organized as follows. Section 2 provides background
on abstraction-based control. Section 3 describes the key features of Dionysos.jl. Section 4 presents
the package architecture and main modules. In Sections 5 and 6, we illustrate usage with numerical
examples and compare performance against existing toolboxes.
Notation: Let R, Z, Z+ denote the sets of real numbers, integers, and non-negative integers, respectively.
For sets 𝐴 and 𝐵, a single-valued map is 𝑓 : 𝐴 → 𝐵, while a set-valued map is 𝑓 : 𝐴 → 2𝐵. We identify
a binary relation 𝑅 ⊆ 𝐴 × 𝐵 with its associated set-valued map 𝑅(𝑎) = {𝑏 | (𝑎, 𝑏) ∈ 𝑅}. A relation is
total if 𝑅(𝑎) ≠ ∅ for all 𝑎 ∈ 𝐴, and single-valued if 𝑅(𝑎) is a singleton.

2. Abstraction-Based Control Fundamentals

This section outlines the core concepts of abstraction-based control as realized in Dionysos.jl. Further
details can be found in the referenced literature [9, 26, 27].
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Figure 1: Overview of abstraction-based control synthesis steps.

Figure 2: Comparison of discretization types. Left: a total single-valued relation inducing a full partition.
Right: a non-total set-valued relation forming a partial cover.

2.1 System Model

We consider discrete-time transition systems defined as follows:

Definition 1. A transition control system is a tuple S = (𝑋,𝑈, 𝐹) where 𝑋 and 𝑈 are state and input sets,
and 𝐹 : 𝑋 ×𝑈 → 2𝑋 is a set-valued transition map. The evolution satisfies

𝑥(𝑘 + 1) ∈ 𝐹 (𝑥(𝑘), 𝑢(𝑘)).

The set-valued nature of 𝐹 captures non-determinism or bounded disturbances. For a disturbance set
𝑊 , we may write

𝐹 (𝑥, 𝑢) = { 𝑓 (𝑥, 𝑢, 𝑤) | 𝑤 ∈ 𝑊}. (1)

The set of admissible inputs at state 𝑥 is U𝐹 (𝑥) = {𝑢 ∈ 𝑈 | 𝐹 (𝑥, 𝑢) ≠ ∅}. The system is deterministic
if 𝐹 (𝑥, 𝑢) is either a singleton or empty.

A trajectory of length 𝑇 + 1 is a pair (x, u) ∈ 𝑋𝑇+1 ×𝑈𝑇 . A static controller is a set-valued map
C : 𝑋 → 2𝑈 such that ∅ ≠ C(𝑥) ⊆ U𝐹 (𝑥) for all 𝑥. The controlled system C × S has transitions
𝑥′ ∈ 𝐹 (𝑥, 𝑢) with 𝑢 ∈ C(𝑥).

A control problem is a pair (S, Σ) where Σ is a specification over infinite trajectories. A controller
solves the problem if all controlled trajectories satisfy Σ.

2.2 Classical Abstraction Framework

The abstraction-based approach replaces the original system S1 with a finite-state abstraction S2 and a
relation 𝑅 ⊆ 𝑋1 × 𝑋2 that preserves relevant properties. Figure 1 illustrates the three-step process: (1)
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construct an abstraction and translate the specification, (2) synthesize a controller for the abstraction, and
(3) refine the abstract controller to the concrete system.

To enable controller refinement, the relation 𝑅 must satisfy certain simulation conditions. The
feedback refinement relation (FRR) is defined as follows [11]:

Definition 2. A relation 𝑅 ⊆ 𝑋1 × 𝑋2 is a feedback refinement relation if for every (𝑥1, 𝑥2) ∈ 𝑅:

1. U2(𝑥2) ⊆ U1(𝑥1);

2. for all 𝑢 ∈ U2(𝑥2) and all 𝑥′1 ∈ 𝐹1(𝑥1, 𝑢), there exists 𝑥′2 ∈ 𝑅(𝑥′1) such that 𝑥′2 ∈ 𝐹2(𝑥2, 𝑢).

Under an FRR, a concrete controller can be obtained simply as C1(𝑥1) = C2(𝑅(𝑥1)).

2.3 Smart Abstraction and Memoryless Concretization

Classical approaches rely on predefined partitions, which limit controller performance. Dionysos.jl
overcomes this by allowing overlapping cells, state-dependent controllers, and lazy construction of
abstractions. Instead of FRR, the package computes a memoryless concretization relation (MCR) [25]:

Definition 3. A relation 𝑅 ⊆ 𝑋1 × 𝑋2 is an MCR if for all (𝑥1, 𝑥2) ∈ 𝑅:

∀𝑢2 ∈ U2(𝑥2), ∃𝑢1 ∈ U1(𝑥1), ∀𝑥′1 ∈ 𝐹1(𝑥1, 𝑢1) : 𝑅(𝑥′1) ⊆ 𝐹2(𝑥2, 𝑢2). (2)

An interface map 𝐼𝑅 then allows reconstruction of the concrete controller as C1(𝑥1) = (C2 ◦𝐼𝑅 𝑅) (𝑥1).
By combining local feedback controllers and flexible covers, SmartSnake reduces non-determinism

and avoids discretizing the input space. This enables more efficient, objective-oriented abstractions,
including ellipsoidal covers and convex optimization formulations (see Figure 5) [24].

Figure 3: Piecewise constant controller: each cell is assigned a single input.

Figure 4: Piecewise affine controller: within each cell, the input is an affine function of the state.

3. Features of Dionysos.jl

This section summarizes the main features supported by the package.
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Figure 5: Comparison of classical grid-based abstraction (left) and smart ellipsoidal abstraction with
local feedback (right) for a planar reach-avoid problem. Non-colored regions indicate where no controller
could be designed.

System Types The package supports systems with bounded disturbances as in (1) and returns static
controllers for both abstract and concrete levels.

Specifications Two classes of specifications are supported: reach-avoid and invariance (safety). A
reach-avoid specification is defined by initial set 𝑋𝐼 , target set 𝑋𝑇 , and obstacle set 𝑋𝑂: all trajectories
starting in 𝑋𝐼 must reach 𝑋𝑇 in finite time while avoiding 𝑋𝑂. An invariance specification requires all
trajectories starting in 𝑋𝐼 to remain forever within a safe set 𝑋𝑆 . Additionally, state and transition cost
functions can be provided to optimize cumulative cost while satisfying the specification.

Discretization Templates The quantizer 𝑅 can be a partial or full partition/cover of the state space.
Two geometric primitives are supported:

• Hyperrectangles: H(𝑐, ℎ) = {𝑥 ∈ R𝑛 | |𝑥𝑖 − 𝑐𝑖 | ≤ ℎ𝑖},

• Ellipsoids: E(𝑐, 𝑃) = {𝑥 ∈ R𝑛 | (𝑥 − 𝑐)⊤𝑃(𝑥 − 𝑐) ≤ 1}, with 𝑃 ≻ 0.

4. Package Architecture

We describe the main modules of Dionysos.jl. The architecture comprises seven core modules; we
focus on three—System, Problem, and Optim—while the remaining are documented in the package
manual. Figure 6 provides a high-level overview.

4.1 The SystemModule

This module provides mathematical representations of control systems, controllers, and trajectories. It
extends MathematicalSystems.jl and HybridSystems.jl [28].

Control systems are subtypes of the abstract type ControlSystem{N,T}, where 𝑁 is the state
dimension and 𝑇 the numeric type. For example, ControlSystemLinearized implements a linearized
system:

¤𝑥(𝑡) ∈ 𝐹̃ (𝑥, 𝑢), 𝐹̃ (𝑥, 𝑢) = { 𝑓 (𝑥, 𝑢) + 𝑤 | 𝑤 ∈ [−𝑊,𝑊]𝑛𝑥 },
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where 𝑓 is a linearization of a possibly nonlinear 𝑓 . Sampling is performed using a numerical integration
scheme (e.g., Runge–Kutta 4). The structure includes fields for time step, measurement noise bound, and
various maps (system, linearized, error, and inverse).

A simplified definition is shown in Listing 1.

Listing 1: Simplified struct for a linearized control system.
1 struct ControlSystemLinearized{N,T,F1,F2,F3,F4} <: ControlSystem{N,T}

2 tstep::Float64

3 measnoise::SVector{N,T}

4 sys_map::F1

5 linsys_map::F2

6 error_map::F3

7 sys_inv_map::F4

8 end

Controllers implement the abstract type Controller with a field c_eval representing C(𝑥). For
instance, ConstantController implements C(𝑥) = {𝑐}.

Trajectories are represented by structures like ContinuousTrajectory, which store sequences of
states and inputs.

4.2 The ProblemModule

This module defines reach-avoid and safety problems as subtypes of ProblemType.
The OptimalControlProblem structure for reach-avoid contains:

• system: the system model,

• initial_set: 𝑋𝐼 ,

• target_set: 𝑋𝑇 ,

• state_cost, transition_cost: cost functions,

• time: horizon length.

The SafetyProblem structure for invariance includes initial set, safe set, and horizon.

4.3 The OptimModule

This module hosts both classical and abstraction-based optimization strategies. Table 1 lists the imple-
mented solvers. All solvers inherit from MOI.AbstractOptimizer and implement MOI.optimize!.

Table 1: Control strategies implemented in Dionysos.jl; AB denotes Abstraction.

Module Type Reference

BemporadMorari Classical [29]
BranchAndBound Classical [20]
AB.UniformGridAbstraction Classical abstraction –
AB.EllipsoidsAbstraction Smart abstraction [24]
AB.HierarchicalAbstraction Smart abstraction [19]
AB.LazyAbstraction Smart abstraction [24]
AB.LazyEllipsoidsAbstraction Smart abstraction [24]
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Listing 2: Optimizer structure.
1 mutable struct Optimizer{T} <: MOI.AbstractOptimizer

2 cp::Union{Nothing, PR.OptimalControlProblem, PR.SafetyProblem}

3 ap::Union{Nothing, PR.OptimalControlProblem, PR.SafetyProblem}

4 abs_ctrl::Any

5 con_ctrl::Any

6 sg::Any

7 ig::Any

8 end

Listing 3: Implementation of MOI.optimize! for the abstraction strategy.
1 function MOI.optimize!(opt::Optimizer)

2 abstract_system = build_abs_system(opt.concrete_problem.system,

3 opt.state_grid,

4 opt.input_grid)

5 abstract_problem = build_abs_problem(opt.concrete_problem, abstract_system)

6 opt.abstract_problem = abstract_problem

7 abstract_controller = solve_abs_problem(abstract_problem)

8 opt.abstract_controller = abstract_controller

9 opt.concrete_controller = solve_conc_problem(abstract_system, abstract_controller)

10 end

Figure 6: Overview of the package architecture. The System module extends existing pack-
ages; the Problem module defines control problems; the Optim module provides solvers built on
MathOptInterface.jl and JuMP.jl.

5. Numerical Example

We demonstrate the usage of Dionysos.jl on a nonlinear system using a smart abstraction method. We
define the problem, solve it, and visualize the results with built-in plotting recipes.

The example problem is drawn from the package’s examples (see the online documentation for the
full code). We first import the problem:

Listing 4: Importing the pre-defined reach-avoid problem.
1 concrete_problem = NonLinear.problem()

2 concrete_system = concrete_problem.system

We then instantiate the AB.LazyEllipsoidsAbstraction solver and set its parameters:

https://journals.femington.com/ijaias Int. J. Artif. Intell. Agent Syst.
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Listing 5: Setting up the optimizer for lazy ellipsoidal abstraction.
1 optimizer = MOI.instantiate(AB.LazyEllipsoidsAbstraction.Optimizer)

2 AB.LazyEllipsoidsAbstraction.set_optimizer!(optimizer,

3 concrete_problem,

4 other_parameters...)

Solving the problem and extracting results follows the MathOptInterface convention:

Listing 6: Solving and retrieving the abstract system, problem, and controllers.
1 MOI.optimize!(optimizer)

2 abstract_system = MOI.get(optimizer,

3 MOI.RawOptimizerAttribute("abstract_system"))

4 abstract_problem = MOI.get(optimizer,

5 MOI.RawOptimizerAttribute("abstract_problem"))

6 abstract_controller = MOI.get(optimizer,

7 MOI.RawOptimizerAttribute("abstract_controller"))

8 concrete_controller = MOI.get(optimizer,

9 MOI.RawOptimizerAttribute("concrete_controller"))

Finally, we visualize the abstraction using the package’s plotting recipes:

Listing 7: Visualizing the abstract system with arrows.
1 fig = plot(aspect_ratio=:equal)

2 title!(fig, "Abstraction")

3 plot!(fig, abstract_system; arrowsB=true, cost=false)

The resulting plot is shown in Figure 7.

6. Benchmark Evaluation

To assess the performance of Dionysos.jl, we compare it against other state-of-the-art toolboxes,
namely SCOTS [12] and CoSyMA [13] (PESSOA is excluded as it is outperformed by SCOTS). The
benchmark code is publicly available and fully reproducible.

We replicated two numerical experiments from the literature [13, 27]. The first is the DC-DC converter
example [27]. We ran the uniform grid abstraction solver in Dionysos.jl with and without exploiting
incremental stability [30]. The results are shown in Table 2.

Abstraction [s] Synthesis [s] Total [s]
Dionysos.jl (no prior) 1.24 3.53 4.77
Dionysos.jl (prior) 0.63 2.76 3.39

SCOTS 19.05 74.01 93.06
CoSyMA — — 5.31

Table 2: Comparison on the DC-DC converter example. Dionysos.jl outperforms SCOTS and
CoSyMA.

The second example is a vehicle path planning problem (not incrementally stable). CoSyMA is
excluded. Results are given in Table 3.

These improvements are not attributable to the programming language (C++ vs. Julia) but rather to
the synthesis algorithm; for instance, SCOTS uses Binary Decision Diagrams [31], which can lead to
longer runtimes.
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Figure 7: Visualization of the lazy ellipsoidal abstraction for the reach-avoid problem.

Abstraction [s] Synthesis [s] Total [s]
Dionysos.jl 8.58 6.45 15.03

SCOTS 117.52 480.44 597.96

Table 3: Comparison on the path planning example.

We reproduce the controller visualizations from the original papers in Figures 8 and 9, confirming
that the computed controllers match those in the literature.

https://journals.femington.com/ijaias Int. J. Artif. Intell. Agent Syst.
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Figure 8: Reproduced DC-DC converter controller from the literature [27].

Figure 9: Reproduced vehicle path planning controller from [27].

7. Conclusions and Future Directions

We have presented Dionysos.jl, a new software package that introduces flexible abstraction-based
control synthesis with safety guarantees. By leveraging memoryless concretization relations [25], it
generalizes existing toolboxes that are restricted to classical abstraction paradigms. The modular design

Int. J. Artif. Intell. Agent Syst. https://journals.femington.com/ijaias
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enables straightforward implementation of novel smart abstraction algorithms, including those based on
partial covers and state-dependent feedback [24].

Ongoing work focuses on the development of a meta-solver within Dionysos.jl that will harness
machine learning and artificial intelligence to adaptively select and configure solvers according to
problem structure, thereby alleviating the curse of dimensionality and expanding the applicability of
abstraction-based methods to larger-scale systems.
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